
www.elsevier.com/locate/ijhff

International Journal of Heat and Fluid Flow 26 (2005) 755–770
Numerical simulations of underexpanded supersonic jet and free
shear layer using WENO schemes

T.S. Cheng *, K.S. Lee

Institute of Aeronautics and Astronautics, Chung Hua University, 707, Sec. 2, Wufu Road, Tungshiang, Hsinchu, 300, Taiwan, ROC

Received 8 April 2004; accepted 25 January 2005

Available online 25 March 2005
Abstract

Numerical simulations of the flowfield structures and properties of underexpanded supersonic jet and planar shear layer are per-

formed by solving the time-dependent, compressible Euler equations. The numerical code uses the high-order weighted essentially

non-oscillatory (WENO) finite difference schemes with the fifth-order-accurate for spatial discretization and the fourth-order-accu-

rate Runge–Kutta scheme for time integration. The present predictions are compared with the available experimental data and other

numerical results using different numerical schemes. Good agreements between the predicted and experimental data are achieved for

both cases. The results show that the near-field region of the jet and shear layer is influenced by compressibility, which reduces tur-

bulent mixing rates and suppresses vortex roll-up and pairings at high-convective Mach number. Analyses of sound pressure level of

the jet indicate that the broadband shock noise is generated from the shock cells and radiates in the direction of 40�–50� to the jet

axis. Various forcing frequencies are applied at the inflow boundary to demonstrate mixing enhancement and shock cell destruction

for the underexpanded jet. The computation of an underexpanded free shear layer indicates that the numerical turbulence model

inherent with WENO algorithm can satisfactorily predict turbulence properties at a convective Mach number of 0.64 even without

including subgrid-scale turbulence models.

� 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The development of appropriate computer models

for supersonic propulsion systems holds the potential

for their computer-aid design with lower development

costs, higher mixing efficiencies, lower pollutant and
noise emissions, and wider fuel specifications. However,

to be reliable over a wide range of applications, such

models should be based upon a fundamental, quantita-

tive understanding of the complex interaction of turbu-

lent mixing and the structure of the flowfield. Supersonic

injection of an imperfectly expanded air jet into still air
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and supersonic/subsonic free shear layer are two of the

simplest flows for investigation. Supersonic imperfectly

expanded (underexpanded/overexpanded) free jets and

shear layers are important fundamental flows, involving

interactions between supersonic shock-wave-containing

compressible flow and noise production. These flows
also have a variety of engineering applications, e.g.,

rocket plume signature predictions, gaseous fuel injec-

tion systems, breaks and vents in high-pressure systems,

aircraft plume/afterbody interaction problems, and

scramjet engines. In order to understand these complex

shock-wave interaction processes, to predict the experi-

mentally limited flow properties at the shock-containing

regions, to visualize flow structures, and to devise tech-
niques for mixing enhancement and noise reduction in

supersonic flows, high-accuracy numerical algorithm

must be used.
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Notation

a speed of sound

D nozzle exit diameter
e total energy per mass

F, G flux vectors

f frequency

L spatial operator

M Mach number

Mc convective Mach number

p pressure

pref reference pressure
p0rms root mean square pressure fluctuation

S source term vector

t time

Uc convective velocity

Ue nozzle exit velocity

U1 upper stream velocity

U2 lower stream velocity

U average inlet velocity
U* normalized mean streamwise velocity

u streamwise (axial) velocity component

v transverse (radial) velocity component

W conservative variable vector

x axial coordinate

y transverse coordinate

y0 the location where u ¼ U

y* normalized transverse coordinate, (y � y0)/

dw

Greeks

a maximum eigenvalue

dw vorticity thickness, (U1 � U2)/(ou/oy)max

h dimensionless momentum thickness

h0 initial momentum thickness

c ratio of specific heats

q dimensionless density
ru streamwise turbulence intensity

rv lateral turbulence intensity

Subscripts

e nozzle exit condition

i, j axial and radial grid points

rms root-mean-square fluctuation

ref reference value
1 upper stream

2 lower stream

Superscripts

n time step

+, � positive and negative fluxes

� numerical flux

756 T.S. Cheng, K.S. Lee / Int. J. Heat and Fluid Flow 26 (2005) 755–770
In the past, a number of experimental investigations

have been made on the underexpanded jets to study

the shock wave pattern near the jet exit (e.g., Adamson

and Nicholls, 1959; Crist et al., 1966; Davidor and Pen-

ner, 1971; Addy, 1981; Ewan and Moodie, 1986) and the

shock associated noise (Seiner and Norum, 1980). Mea-

surements of the near-field properties of underex-

panded jets are relatively limited, due to difficulties
caused by varying static pressures, high velocities, and

shock waves. In the near-field shock-containing region

measurements were generally limited to mean static

pressures using probes for flows generated by converg-

ing–diverging nozzles, see for instance Seiner and

Norum (1979, 1980). Although detailed measurements

of mean velocities and concentrations in underexpanded

jets have been made using laser Doppler anemometry
(LDA), problems of lag biasing of seeding particles to

the rapid changes of velocities across shock waves lim-

ited their most reliable data to the constant-pressure re-

gion of the flow (Ewan and Moodie, 1986; Cheuch et al.,

1989). For jet noise reduction studies, various methods

have been proposed to improve mixing. Mixing

enhancement of high and low speed streams is utilized

as a means to improve efficiency of supersonic combus-
tion, reduce aircraft signatures, and control high-speed

jet noise. The introduction of streamwise vorticity by
prism shaped wedges has been successfully investigated

experimentally (Dolling et al., 1990; Samimy et al.,

1993; Zaman et al., 1993; Hu et al., 2000). Mixing

enhancement was achieved by the production of large-

scale streamwise vorticity, which promotes mixing due

to an increase in perimeter contact between low and

high-speed streams. In these studies the enhanced jet

mixing rates were used as a measure of jet noise reduc-
tion, although the required acoustic information has

not been measured. The experimental works indicate

that an alternative technique, such as numerical method,

may help to resolve the flow structures and to obtain the

flowfield properties in the shock-containing region of the

imperfectly expanded flows. In addition, various meth-

ods to increase mixing and hence noise reduction can

be investigated using numerical simulations.
Theoretically, a number of approximate methods

have been proposed to estimate the flow structure of

the underexpanded jets (Ewan and Moodie, 1986; Birch

et al., 1984; Tam et al., 1985; Gore et al., 1986). How-

ever, most analyses have been confined to streamwise

positions far from the jet exit, due to difficulties of exact

treatment of the near-field shock-containing region.

There have been several numerical simulations to ana-
lyze underexpanded jets using parabolized Navier–

Stokes equations and a variety of turbulence models
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(Vatsa et al., 1981; Dash and Wolf, 1984a,b; Dash et al.,

1985; Seiner et al., 1985; Cheuch et al., 1989). The com-

pressibility-corrected version of the ke turbulence model

predicts quite well the wavelength and amplitude of the

pressure oscillations through the flow. However, predic-

tions using the baseline turbulence model underestimate
the wavelength of the pressure oscillation and overesti-

mate their rate of decay in the streamwise direction at

farther downstream. On the other hand, the solution

of unsteady Euler equations to obtain the flowfield

structures of underexpanded jets was also carried out

by a number of researchers (Sinha et al., 1970; Prasad

et al., 1994; Chen, 1998). The agreements between the

predictions and experimental data were quite encourag-
ing, especially at the near-field shock-containing region

where the flow is largely inviscid. Nevertheless, the

agreements were strongly dependent on the accuracy

of the numerical schemes used. This fact suggests that

high-order-accurate numerical schemes, both in space

and in time, may help to gain a better understanding

of the complex shock-wave interaction and the structure

of the flowfield, and to furnish the lack of experimental
measurements of turbulent properties in the near-field

shock-containing region of imperfectly expanded super-

sonic jets.

In addition to the underexpanded supersonic jet, the

spatially developing free shear layer generated by turbu-

lent mixing of two fluid streams has been one of the

most active researches in fluid mechanics and is encoun-

tered in many engineering applications. Incompressible
planar free shear layers have been intensively investi-

gated in the past with a substantial amount of material

published on the mean flow quantities, turbulence prop-

erties, flow visualization, and development to self-simi-

larity of the flow field (Winant and Browand, 1974;

Brown and Roshko, 1974; Oster and Wygnanski,

1982). There has also been a great deal of experimental

work in the area of compressible free shear layers. How-
ever, most experiments on compressible shear layers

were limited to the mean flow measurements and the

compressibility effects on the shear layer growth rate

(Bogdanoff, 1983; Chinzei et al., 1986; Papamoschou

and Roshko, 1988). Experiments demonstrated that

the growth rate of mixing layer decreases with increasing

convective Mach number (Mc). The convective Mach

number is defined Mc = (U1 � Uc)/a1, where Uc =
(a1U2 + a2U1)/(a1 + a2). In addition to the mean flow

and growth rate measurements, the turbulence proper-

ties for three convective Mach numbers (Mc = 0.51,

0.64, and 0.86) were added to provide rich experimental

data for numerical schemes validations (Samimy and

Elliott, 1990; Elliott and Samimy, 1990).

Numerical simulations on the spatially developing

mixing layers have been reported using two subsonic
(Grinstein et al., 1986; Sandham and Reynolds, 1989;

Tsai and Christiansen, 1990) or two supersonic (Farouk
et al., 1991; Lu and Wu, 1991) fluid streams. In contrast,

the computation of mixing layers generated by an

underexpanded supersonic and a subsonic stream has

received less attention to date. This type of shear layer

is often encountered in the practical ramjet combustor

and is a subject of noise problem caused by discharging
a supersonic jet into a subsonic stream. Although the

computation of supersonic–subsonic mixing layer using

high-order flux-corrected transport algorithm has been

reported (Farouk et al., 1991), no quantitative compar-

ison of the numerical results with available experimental

data was made. This fact provides one of the motiva-

tions for the present study.

In the present study, the high-order weighted essen-
tially non-oscillatory (WENO) finite-difference schemes

(Jiang and Shu, 1996) are adapted to analyze an under-

expanded supersonic air jet into still air and a super-

sonic–subsonic free shear layer. The present numerical

model directly solves the governing equations without

using subgrid-scale (SGS) turbulence models; conse-

quently, the complexity of empirical turbulence models,

especially those with compressibility-corrected terms,
can be avoided. Although the present study solves the

Euler equations without SGS turbulence models,

numerical turbulence model inherent with numerical

algorithm has been considered as a SGS model in many

other investigations (Kailasanath et al., 1987, 1989; Jou

and Riley, 1989; Oran and Boris, 1993). It has been

demonstrated that the local, time-dependent numerical

dissipation in the Euler equations behaves as a SGS tur-
bulence model for scales smaller than grid sizes and this

SGS model properly connects the large, energy-contain-

ing scales with the unresolved SGS of motion (Oran and

Boris, 1993). In fact, the numerical dissipation is much

more effective in the present study due to inherent

high-dissipative nature of the WENO schemes. Numer-

ical results are compared with existing experimental data

for code validations. In addition, the physical mecha-
nism responsible for the noise production in the under-

expanded supersonic jet is discussed. The other objective

of this study is to devise techniques for enhancing mix-

ing and shock cells destruction in an underexpanded

supersonic jet and to verify whether the jet noise sup-

pression can be achieved.
2. Governing equations and numerical algorithm

Experimental (Seiner and Norum, 1979, 1980; Prasad

et al., 1994) and numerical (Dash et al., 1985; Cheuch

et al., 1989) results have confirmed that the flow is inviscid

in the near-field shock-containing region of supersonic

jets. In addition, the basic vortex dynamics in a shear

layer is essentially inviscid (Ho and Huang, 1982; Grin-
stein et al., 1986). These findings suggest that the present

simulations can be formulated using Euler equations.
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2.1. Governing equations

The time-dependent, inviscid, compressible two-

dimensional (2D) planar or axisymmetric Euler equa-

tions without body forces and external heat addition

are written in conservation vector form as

oW

ot
þ oF

ox
þ oG

oy
þ aS ¼ 0 ð1Þ

where a = 0 represents 2D planar flow and a = 1 repre-

sents 2D axisymmetric flow. The flux vectors in Eq. (1)

are

W ¼

q

qu

qv

e

2
6664

3
7775; F ¼

qu

qu2 þ p

quv

ðeþ pÞu

2
6664

3
7775; G ¼

qv

quv

qv2 þ p

ðeþ pÞv

2
6664

3
7775;

S ¼ 1

y

qv

quv

qv2

ðeþ pÞv

2
6664

3
7775 ð2Þ

The above governing equations represent the conser-

vation of mass, momentum, and total energy of inviscid

fluid motion. It is noted that the dimensional variables

are used for free shear layer calculation, while the super-
sonic jet simulation uses dimensionless variables. Where

t, p, q, u, v, and e are the time, pressure, density, x- and

y-directional velocity components, and the total energy

per unit mass, respectively. In terms of dimensionless

variables, D (nozzle exit diameter) is the length scale,

Ue (nozzle exit velocity) is the velocity scale, qe (jet exit
density) is the density scale, D/Ue is the time scale, and

qeU
2
e is the pressure and total energy scales. For an ideal

gas, the pressure is related to the equation of state

p ¼ ðc� 1Þ½e� 0:5qðu2 þ v2Þ� ð3Þ

where c (=1.4 for air) is the ratio of specific heats.

2.2. Numerical algorithm

In the computation of inviscid, compressible, under-

expanded supersonic flow, the presence of infinitesimally

thin shocks may lead to non-linear instability. More-

over, regions of strong gradients, which have finite
thickness but are too thin for the grid to resolve, may

also produce non-linear instability (Shu et al., 1992).

Thus, the high-order, computationally stable across dis-

continuities numerical schemes are required. In this

paper, the high-order weighted essentially non-oscillatory

(WENO) schemes proposed by Jiang and Shu (1996) are

applied to solve the time-dependent Euler equations.

WENO schemes are based on ENO (essentially non-
oscillatory) schemes, which were first introduced by
Harten and Osher (1987) and Harten et al. (1987) in

the form of cell averages. The key idea of ENO schemes

is to use the smallest stencil among several candidates to

approximate the fluxes at cell boundaries to a high-order

accuracy and at the same time to avoid spurious oscilla-

tions near shocks. The cell-averaged version of ENO
schemes involved a procedure of reconstructing point

values from cell averages and could become complicated

and costly for multi-dimensional problems. Later, Shu

and Osher (1988, 1989) developed the flux version of

ENO schemes, which does not require such a recon-

struction procedure. ENO schemes are uniformly high

order accurate right up to the shock and are very robust

to use. However, they have certain drawbacks such as
the freely adaptive stencil could change even by a

round-off error perturbation near zeroes of the solution

and its derivatives. To overcome these drawbacks, Liu

et al. (1994) modified the cell averaged version of ENO

schemes by using a convex combination of all the candi-

date stencils to approximate the numerical flux instead

of using only one of the candidate stencils. Each of the

candidate stencils is assigned a weight, which determines
the contribution of this stencil to the final approxima-

tion of the numerical flux. Jiang and Shu (1996) modi-

fied and improved the WENO finite difference schemes

of Liu et al. (1994) based on the flux version of ENO

schemes. For more background on ENO and WENO

schemes as well as their applications the reader is re-

ferred to the excellent works of Harten and Osher

(1987), Harten et al. (1987), Shu and Osher (1988,
1989), Harten (1989), Rogerson and Meiberg (1990),

Shu (1990), Shu et al. (1992), Liu et al. (1994), Jiang

and Shu (1996), Xu et al. (1997), Pirozzoli (2004) and

others.

2.3. Temporal integration and spatial discretization

To integrate the governing Euler equations, Eq. (1)
can be rewritten as

dW

dt
¼ LðWÞ ¼ �FðWÞx � GðWÞy � aSðWÞ ð4Þ

where L(W) is a discretization of the spatial operator. If
the spatial dependence of W on x and r is known, then

Eq. (4) can be regarded as an ordinary differential equa-

tion in time and can be solved by a Runge–Kutta

scheme. The fourth-order time integration Runge–Kutta

scheme is written as

W ð1Þ ¼ Wn þ 1
2
DtLðWnÞ

W ð2Þ ¼ Wn þ 1
2
DtLðW ð1ÞÞ

W ð3Þ ¼ Wn þ DtLðW ð2ÞÞ
Wnþ1 ¼ 1

3
½�Wn þW ð1Þ þ 2W ð2Þ þW ð3Þ� þ 1

6
DtLðW ð3ÞÞ

9>>>>>=
>>>>>;

ð5Þ
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Fig. 1. Schematic diagram of the computational domain: (a) super-

sonic jet; (b) free shear layer.
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where the superscript n denotes time step, W(i) is the

intermediate vectors with i = 1, 2, and 3, and Dt is the

time increment.

For the discretization of a computational domain, the

space is divided into uniform interval of size Dx and Dy
with xi = iDx and yj = jDy. The spatial operator, Eq. (4),
can be numerically approximated as

LðWÞ ¼ �aS i;j �
1

Dx
ð~F iþ1=2;j � ~F i�1=2;jÞ

�

þ 1

Dy
ð ~G i;jþ1=2 � ~G i;j�1=2Þ

�
ð6Þ

where Si,j is the source term at the grid points and ~F iþ1=2;j

and ~G i;jþ1=2 denote interface fluxes in the x and y direc-
tion, respectively. High-order spatial discretization accu-

racy is achieved with high-order approximation of the

flux function at cell interfaces. The distribution of inter-

polation points (stencil) is chosen according to the

upwinding strategy of Lax–Friedrichs scheme. The

numerical flux in the x direction is approximated using

Lax–Friedrichs scheme that has the form

~FðWÞ ¼ FþðWÞ þ F�ðWÞ ð7Þ
where F+ and F� satisfy dFþ

dW
P 0 and dF�

dW
6 0. One choice

for the positive and negative fluxes is

F �ðWÞ ¼ 1

2
ðFðWÞ � aWÞ; where a ¼ max jF 0ðWÞj

ð8Þ
The flux at the interface is then defined by

~F iþ1=2;j ¼ ~F
þ
iþ1=2;j þ ~F

�
iþ1=2;j ð9Þ

To approximate ~F
þ
iþ1=2;j and ~F

�
iþ1=2;j the fifth-order

WENO scheme of Jiang and Shu (1996) is used in the

present study. The approximation of ~F i�1=2;j, ~G i;jþ1=2,

and ~G i;j�1=2 is in a similar way.

2.4. Boundary and initial conditions for supersonic jet

The computational domain for an underexpanded
supersonic jet is schematically shown in Fig. 1a. The

non-dimensional nozzle length and nozzle diameter is

1D. The flowfield is assumed to be axisymmetric. Hence,

the computational domain covers 31D · 5D, which is ex-

tended from the nozzle exit and jet centerline by 30D

and 5D in the axial and radial direction, respectively.

The primitive variables (q,u,v,p) need to be specified

at boundaries of the finite computational domain be-
cause they are involved in the flux vectors. For the case

of supersonic inflow, the primitive variables are specified

at the entrance (B1) due to four incoming characteris-

tics. At the wall of nozzle (B2), the non-reflecting

boundary conditions are imposed. In order to avoid

shock waves reflecting from the ambient boundaries

(B3 and B4), the Riemann invariants and entropy equa-
tion are enforced. At the jet centerline (B5), the primitive

variables are assumed to be symmetry with v = 0 speci-
fied. At the exit plane (B6), there are four outgoing char-

acteristics as the exit flow is supersonic and the outflow

boundary conditions need not be specified. For the re-

gion of subsonic exit flow, the pressure is specified and

the characteristic boundary conditions are imposed at

the outflow plane since there are three outgoing charac-

teristics and one incoming characteristic.

The initial inlet conditions are specified based on the
available experimental data of Seiner and Norum (1979,

1980) for a Mach 2 cold jet into atmospheric still air.

The rest of computational domain is initially assumed

to be in a still ambient environment. In order to induce

the roll-up and pairing of vortex rings, the flow is im-

posed with a time-periodic, low-level amplitude inflow

forcing. Because of the periodic inflow forcing, the evo-

lution of jet flow proceeds with increasing time step and
finally the jet approaches a periodic state. The jet was is-

sued from a 50 mm exit diameter (D) of axisymmetric,

convergent-divergent nozzle with design Mach number

of 2 and the underexpanded static pressure ratio (pe/pa)

was 1.45. The stagnation and the still air temperatures

were assumed to be 288 K. The calculated nozzle exit

velocity was 507 m/s. Four sets of uniform grid—

310 · 70, 500 · 110, 625 · 140, and 730 · 160 (x · y)
are used for the grid-independence study and the grid

independence is attained for grid sizes of 625 · 140

and 730 · 160. The deviations in streamwise static pres-

sure variation calculated from these two grid systems are

less than 3%. Thus the grid size of 625 · 140 is then used

for the rest of supersonic jet studies. In addition, a com-

putational domain of 41D · 10D with the grid size of
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Fig. 2. Comparison of predicted and measured mean streamwise

pressure variations along axis in the underexpanded jet. The predic-

tions of Dash et al. (1985) using various types of turbulence models

and Chen (1998) using different numerical schemes are also shown in

the figure for comparison.

760 T.S. Cheng, K.S. Lee / Int. J. Heat and Fluid Flow 26 (2005) 755–770
827 · 280 is also used for a test run. The deviations in

streamwise static pressure variation calculated from

41D · 10D and 31D · 5D are less than 5%. Therefore,

far-field assumptions for the computational domain of

31D · 5D were reasonable. All the statistical data pre-

sented for supersonic jet are obtained by averaging over
an appropriate period of time (100 6 t* 6 125).

2.5. Boundary and initial conditions for free shear layer

The computational domain of the mixing layer is

schematically shown in Fig. 1b. The splitter plate is

not included in the computational domain and its trail-

ing edge forms the left boundary of the computational
domain. In order to avoid the expansion or compression

waves generated at the trailing edge of the splitter plate

reflecting from the upper boundary, the Riemann invar-

iants and entropy equation are imposed at the upper

boundary. The lower boundary is assumed to be stream-

line and the numerical boundary conditions are specified

as v = 0 and ow/oy = 0, where w is q, u, or e. At the exit

plane, the boundary conditions are specified as those of
supersonic jet. At the inlet plane, both mass and energy

flux are kept constant. A hyperbolic-tangent velocity

profile is adopted for the initial streamwise velocity dis-

tribution at the splitter plate as

uðyÞ ¼ U 1þ 1� ku
1þ ku

tanh
y
2h0

� �� �
ð10Þ

where U ¼ ðU 1 þ U 2Þ=2 is the average of two stream

velocities, ku = U2/U1 is the velocity ratio, and h0 is the

initial momentum thickness. In order to produce the

roll-up and pairing of vortex rings, an unsteady bound-
ary condition is also applied at the inlet plane, i.e.,

vðy; tÞ ¼ DUGðyÞ
X3

m¼0

A sinð2pfmt þ /mÞ ð11Þ

where DU = (U1 � U2) is the difference of two stream

velocities which measures the strength of shearing,
G(y) is a Gaussian function which has a peak value of

unity at y = 0 and half width over eight cells, A =

0.001 is the forcing amplitude, fm is the fundamental fre-

quency and its first three subharmonics, and /m is the

random phases added (Sandham and Reynolds, 1989).

The forcing is modified by introducing these random

phases to the Rayleigh modes so that the pairing of

two vortices will occur randomly in space and in time
during the course of simulation.

The initial inlet conditions are specified based on the

available experimental data of Samimy and Elliott

(1990) for the underexpanded case. The inflowing upper

and lower stream Mach number is 1.96 and 0.37, respec-

tively. The mixing layer is formed at the velocity ratio

U2/U1 = 0.25 and density ratio q2/q1 = 9.58. The convec-

tive Mach number of the mixing layer for this case is
0.64. By analogy to supersonic jet, an underexpanded

shear layer is simulated as the one in which the pressure

of the faster stream is higher at the entrance than that of

the slower stream. The computation domain is set to be

60 cm long and 30 cm high to meet the far-field assump-

tions. Three sets of uniform grid—425 · 200, 525 · 240,
and 625 · 140 (x · y) are used for the grid-independence

study and the grid independence is attained for grid sizes

of 525 · 240 and 625 · 140. The deviations in the axial

mean velocity and turbulence quantities calculated from

these two grid systems are less than 4%. Thus the grid

size of 525 · 240 is then used for the rest of shear layer

studies. All the statistical data presented for shear layer

are obtained by averaging over an appropriate period of
time.
3. Results and discussion

3.1. Characteristics of underexpanded jet

Comparisons of the calculated streamwise mean sta-
tic pressure variations along the jet centerline with the

measurements of Seiner and Norum (1979, 1980) are

illustrated in Fig. 2. The calculated results of Dash
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et al. (1985) using ke model and the inviscid solution are

also shown in the figure for comparison. Both prediction

and measurement exhibit the decaying oscillatory static

pressure variations caused by the interaction between

the shock cells and the mixing layers near the edge

of the flow. The present simulation agrees quite well
with the experiment for the first five shock cells, where

the flow is largely inviscid. The slight difference between

the measured and calculated data beginning with the

sixth shock cell is mainly due to the fact that present cal-

culation underestimates a rate of mixing between the jet

and ambient fluid at farther downstream. The predicted

results of Dash et al. (1985) indicate that the ke model

predicts too fast a rate of mixing and, hence, foreshort-
Fig. 3. Comparison of predicted and measured radial distribution of M
ens the cell lengths and dampens the wave strengths pre-

maturely. However, the inviscid solution predicts no

wave damping or cell foreshortening. Comparisons of

present calculation with the predicted result of Chen

(1998) as well as the experiment of Seiner and Norum

(1979, 1980) are also shown in Fig. 2. Chen (1998) used
the modified Osher and Chakravarthy (MOC) finite vol-

ume scheme to solve the time-dependent Euler equation

for the same problem. The MOC scheme predicted the

decaying oscillatory static pressure variation but with

too slow a rate of mixing. Comparisons of the present

simulation using the WENO scheme with that of Dash

et al. (1985) and Chen (1998) using different algorithms

demonstrate that the WENO scheme can properly
ach number at various axial positions in the underexpanded jet.
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model the strong shock-containing region of an under-

expanded supersonic jet even without including turbu-

lence models. Also, the WENO scheme predicts the

static pressure variation more properly than the MOC

scheme dose, because higher order integration methods,

both in time and in space, are used in the WENO
scheme. These facts indicate that the code is valid for

analyzing the inviscid imperfectly expanded supersonic

jets.

Comparisons of the predicted and measured radial

distributions of Mach number are shown in Fig. 3. In

general, the calculations are in good agreement with

the experimental data of Seiner and Norum (1979).

The locations of the discontinuities in the flow are prop-
(a)

(b)

0 5 10 15

(d)

(c)

x/D

Fig. 4. Instantaneous flow pictures for the underexpanded jet at t = 125: (a)

(contour lines from 0.04 to 0.24, increment 0.01); (c) Mach number (contour l

–3.48 to 14.78, increment 0.68). The radial coordinate has been magnified b
erly captured, and they are evident in the figure. The

underprediction of the Mach number around the jet cen-

ter and near the outer radial region is because that a par-

allel nozzle flow is assumed in the simulation while a

converging–diverging nozzle was used in the experiment.

Since the converging–diverging nozzle expands jet
plume to an outer radial region than does a tube nozzle,

thus it causes a slower decaying rate of the Mach num-

ber in the jet boundary. Both measured and calculated

data indicate that normal shocks are not present in near

field of this underexpanded flow because the Mach num-

bers are higher than unity.

To better understand the flowfield of an underex-

panded jet, the instantaneous flow pictures of density,
20 25 30

density (contour lines from 0.26 to 1.11, increment 0.04); (b) pressure

ines from 0.24 to 2.94, increment 0.15); (d) vorticity (contour lines from

y a factor of 2.5.
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pressure, Mach number, and vorticity at a representative

instant t = 125 are shown in Fig. 4. Fig. 4a and b illus-

trate the density and pressure contour lines, in which

Prandtl–Meyer expansion fans originally formed at the

nozzle lip reflect back and forth between the jet center-

line and the free shear layer to form oblique shock
and expansion wave systems (diamond-shape shock

cells). The repeated shock cells extend to further down-

stream and die out at x/D = 25 due to entrainment of the

ambient air into the jet. The Mach number contour lines

indicate that no normal shocks exist in the near field of

shock containing region (Fig. 4c). Fig. 4d shows that

there is essentially no mixing occurred between the jet

boundary and ambient air at x/D < 17, due to compress-
ibility effects in this high-convective Mach number (0.94)

flow. As the vortices are convected downstream, they

draw energy from the jet and grow in strength. The vor-

tex roll-up starts at x/D > 17 and finally becomes large-

scale structures in the far downstream. It is noted that

the growth of the shear-layer vortices is relatively weak

compared to subsonic jets (Chao and Chou, 1998). As a

result, this would impede its applications to supersonic
combustion in which mixing of fuel and oxidizer is extre-

mely important.

In addition to lower mixing rate, another important

feature of supersonic jet is the shock-associated noise.

Shock noise from supersonic jets can contain two com-

ponents: one is the high-amplitude discrete tone, called

screech, and the other is broadband in nature. Powell

(1953) inferred the mechanism of screech generation to
be the acoustic feedback of noise generated by the pas-

sage of disturbances through a shock that resulted in

additional disturbances being created at the nozzle exit.

The broadband shock noise is related to the interaction

of the turbulent mixing layer with a stationary set of

shock cells (Seiner and Norum, 1980). In the present

study, the time averaged sound pressure level (SPL) gen-

erated from the underexpanded supersonic jet is shown
in Fig. 5. The SPL is defined as

SPLðdBÞ ¼ 20log10ðp0rms=prefÞ ð12Þ
where p0rms is the root mean square pressure fluctuation

and pref = 20 lPa is the commonly used reference pres-
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Fig. 5. The SPL (dB) contour of the underexpanded jet.
sure. Fig. 5 indicates that the noise is originally gener-

ated from the shock cell and radiates in the direction

of 40�–50� to the jet axis. The SPL increases with

increasing downstream locations. In order to identify

the source of shock noise, the pressure variations at

seven downstream locations are monitored for a time
interval of t = 100–125 and analyzed using Fast Fourier

Transforms. The power spectral densities for seven loca-

tions (x,y: 3D, 0D; 10D, 0D; 15D, 0.5D; 20D, 0.5D;

25D, 0D; 2D, 3.5D; 0D, 4D) are shown in Fig. 6. For
0 10 20 30 40 50
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Fig. 6. Power spectral density of the underexpanded jet at several

downstream locations (x,y). (a) (3D,0D), (b) (10D, 0D), (c):

(15D, 0.5D), (d) (20D, 0.5D), (e) (25D, 0D), (f) (2D, 3.5D), (g) (0D, 4D).
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the locations away from the jet exit (Fig. 6b–e), either at

the jet center or at the mixing layer, there is only one

peak frequency occurred at 3.12 kHz. The spectrum

indicates that its amplitude rises rapidly with frequency

to a well-defined peak, and then decreases at higher fre-

quency. This low frequency peak is believed to be due to
the interaction of mixing layer with a stationary set of

shock cells, and hence classified as the broadband shock

noise. For the locations near the jet exit (Fig. 6a, f, and

g), in addition to a low frequency peak occurred at

2.34 kHz, there is an unusual second peak appeared at

a frequency of 29.64 kHz. The cause of this high-fre-

quency peak is unknown. However, it only appears at

locations near the nozzle exit and could be due to reso-
nant oscillation of the shock cell structure that produces

the screech tones.

3.2. Forcing of the underexpanded jet

The calculations of underexpanded jet demonstrate

that there is essentially no mixing between the jet and

ambient air in the near-field shock-containing regions.
This would impede its future applications to supersonic

combustion engines and also generate very high level of

noise. Previous experimental studies in subsonic shear

layer growth rate have demonstrated that the shear layer

growth rate can be altered markedly by introducing

external perturbations near the point of initial mixing

(Ho and Huang, 1982; Oster and Wygnanski, 1982). It

is interesting to examine whether the same concepts
are still effective for achieving the mixing enhancement

and noise reduction in supersonic jet. Fig. 7 shows the

effect of various types of forcing on the streamwise

development of momentum thickness for the underex-
Fig. 7. Axial variations of momentum thickness for the underex-

panded jet with various types of forcings.
panded jet under a sinusoidal normal velocity distur-

bance at the nozzle tip, which includes various forms

of forcings excited at the fundamental frequency (f0)

and its first subharmonics (f1), each with an amplitude

of 5% nozzle exit velocity. The type of forcing is similar

to that described in Eq. (11). The momentum thickness
is defined as

h ¼
Z 1

0

qðx; rÞ
qðx; 0Þ

uðx; rÞ
uðx; 0Þ 1� uðx; rÞ

uðx; 0Þ

� �
dr ð13Þ

Fig. 7 shows that for two forcing cases, the inflow

excitation increases the growth of the momentum thick-

ness markedly as compared with the unforced case.

A step-like increase of the momentum thickness is

observed for all forcing cases at x/D � 7. The nega-

tive momentum thickness is due to integration of Eq.

(13) over the regions where expansion waves acceler-
ate the axial velocity to exceed the centerline velocity.

Fig. 7 clearly demonstrates that the inflow excita-

tion has pronounced effects on the supersonic jet; in

turn, it can effectively manipulate the spreading rate

of the mixing layer and hence achieves mixing

enhancement.

In addition to mixing enhancement, the inflow excita-

tion can also destruct the shock cells through enhanced
entrainment and mixing. The destruction of the shock

cells is represented by the decay of the centerline pres-

sure variations as shown in Fig. 8. The forcings increase

the centerline pressure at the nozzle exit but decrease the

pressure variation very quickly after the second shock-

cell. In order to examine whether the forcing can also

effectively reduce the jet noise, the SPL contour at vari-

ous forcing frequencies is shown in Fig. 9. For both
forcing cases, the low level noise is generated from the

shock cells near the nozzle exit, while the high-level

noise is produced from the large vortices and breakup

eddies and enveloped by the low level noise. The overall

SPL for the forced cases is about 10–20 dB higher than
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Fig. 8. Axial variations of mean static pressure for the underexpanded

jet with various types of forcings.
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the unforced case. The pressure variations at seven

downstream locations (same as the unforced case) are

also monitored for a time interval of t = 100–125 and

analyzed using Fast Fourier Transforms. The power

spectral densities for seven locations are shown in

Fig. 10. Fig. 10 indicates that the forcing can modify

or eliminate the high-frequency peak near the nozzle exit

(Fig. 10a, f, and g). However, the overall noise level is
also increased by about 10–20 dB. The method of

enhancing mixing and shock-cell destruction in a super-

sonic jet may offer an opportunity of improving the

performance of mixing in the related engineering appli-

cations but with a shortcoming of extra noise

production.

3.3. Characteristics of free shear layer

The sequence of instantaneous flow visualization of

the density and vorticity field for the underexpanded

shear layer (Mc = 0.64) is shown in Figs. 11 and 12,

respectively. Several features are found from these fig-

ures. The sheared fluid results in deeper incursions from

the high-speed side into the low-speed side. These

numerical snapshots clearly show the pairing phenome-
non between two adjacent vortices. Calculations ratify

that after the merging interactions among neighboring

eddies, the newly formed large vortex convects down-

stream at nearly constant speed which is approximately

the average of the two free stream velocities. This vortex

amalgamation process occurs randomly in space and

time which is responsible for the linear growth of the

mixing layer. The spacing between two adjacent vortices
and the size of vortex are increasing with the streamwise

coordinate.

Comparisons of the calculated distributions of axial

mean velocity, axial variation of the momentum and

vorticity thicknesses, and turbulence quantities with

the experimental data (Samimy and Elliott, 1990; Elliott

and Samimy, 1990) are depicted in Figs. 13–15.

The non-dimensional variables used in the figures,
such as U � ¼ ð�u� U 2Þ=ðU 1 � U 2Þ, y* = (y � y0)/dw,
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Fig. 11. Evolution of density at various instantaneous times for the Mc = 0.64 shear layer.
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h ¼
Rþ1
�1 ð�q=q1ÞU �ð1� U �Þdy, and dw ¼ ðU 1 � U 2Þ=ðo�u=

oyÞmax, are defined as in the experiments. The lateral dis-

tributions of the normalized streamwise mean velocity at

four axial positions as shown in Fig. 13 suggest that the

mean flow is self-similar in the fully developed region for

x P 12 cm. The calculated results are in excellent agree-

ment with the experimental data. Fig. 14 indicates that
the shear layer growth in terms of momentum and vor-

ticity thickness is predicted reasonably accurate by the

present numerical method, as compared to experimental

measurements. Further comparison of the calculated re-

sults with experimental data is shown in Fig. 15a–c for

the development of the streamwise and lateral turbu-

lence intensities, and Reynolds stress, respectively. Fig.

15 indicates that the computed turbulence quantities ap-
pear to collapse only for x P 15 cm, which shows that

the turbulence similarity is achieved further downstream

than the mean flow similarity. The calculated turbulence

properties are also in good agreement with the experi-
mental measurements except the lateral turbulence

intensities. The maximum fluctuations of lateral turbu-

lence intensities that are slightly off y* = 0 position

may be due to three-dimensional effects at high-con-

vective Mach numbers (Sandham and Reynolds, 1991).

The characteristic bell shape of the distribution of the

turbulence quantities reveals that the self-similarity fea-
ture is still present in a supersonic–subsonic mixing

layer.
4. Conclusions

The flowfield structures and properties of underex-

panded cold jet and free shear layer have been computed
by numerical solution of the compressible Euler equa-

tions. The high-order weighted essentially non-oscilla-

tory (WENO) finite-difference schemes have shown

their ability to overcome the numerical oscillations
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across the shock cells in the flows. Good agreement be-

tween the predicted and available experimental data has

been demonstrated in the near-field shock-containing re-
gion of underexpanded jet. The numerical flow visuali-

zation of the density, pressure, Mach number, and

vorticity fields facilitates a systematic understanding of

the streamwise evolution of flow structures under under-

expanded condition. The calculated SPL contour indi-

cates that the jet noise is generated from the shock

cells and radiates in the direction of 40�–50� to the jet

axis, which results in broadband shock noise. The com-
puted results of an underexpanded jet indicate that the

near-field region of the jet is influenced by compressibil-

ity, which reduces turbulent mixing rate and suppresses

vortex roll-up and pairings. Improvement of the mixing
can be achieved with an internal excitation by destruc-

tion the shock cells. This mechanism would offer an

opportunity of improving the performance in the related
engineering applications but with a drawback of extra

noise production.

The numerical flow visualization of the density and

vorticity fields and the associated turbulence quantities

calculations are also demonstrated for an underex-

panded mixing layer at high-convective Mach number.

A detailed quantitative comparison between the present

computation and reported experimental data indicates
that the numerical turbulence model inherent with

WENO algorithm can satisfactorily predict turbulence

properties even without including SGS turbulence mod-

els. In the future, further implement of the viscous terms



Fig. 13. Comparison of predicted and measured axial mean velocity

profiles at four axial positions in the shear layer.

Fig. 14. Comparison of predicted and measured momentum and

vorticity thickness along the axial direction in the shear layer.

Fig. 15. Comparison of predicted and measured turbulence quanti-

ties at four axial positions in the shear layer. (a) Streamwise

turbulent intenisty, (b) Lateral turbulent intensity and (c) Reynolds

stress.
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into the code may improve the prediction of pressure

variations in the far-field regions of the underexpanded

jet. Also, a simple Smagorinsky subgrid model will be

included to test the difference between SGS model and

present numerical turbulence model.
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